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Abstract
The non-commutative geometric construction of A. Connes [1-5] has been successful
in giving a geometrical interpretation of the standard model as well as some grand
unification models. Our lack of ability to quantize the non-commutative actions
forced on us to quantize the classical actions resulting from the non-commutative
ones by adopting the usual rules. The symmetries that might be present in a non-
commutative action are then lost since they are not respected by the quantization
scheme. On the other hand, theories with space-time supersymmetry has many
desirable properties which are well known [6]. It is then tempting to construct non-
commutative actions whose classical part has space-time supersymmetry. Since all
the particle physics models constructed using non-commutative geometric methods
correspond to non-commutative spaces of a four-dimensional manifold times a discrete
set of points, it is natural to think of extending this to a supermanifold times a discrete
set of points. However, it proved that there are many mathematical issues that must
be settled before this approach could become acceptable.
An alternative way is to consider supersymmetric theories in their component
form. As supersymmetry transformations relate the fermionic fields to the bosonic
fields and vice versa, it is possible to start with a fermionic action to recover the
bosonic one. The simplest example is provided by the N = 1 super Yang-Mills
theory in four dimensions . The action is given by [7]:
I =
∫
d4x
(−1
4
F aµνF
µνa +
1
2
λaγµDµλ
a
)
, (1)
where λa is a Majorana spinor in the adjoint representation of a gauge group G, F aµν
is the field strength of the gauge field Aaµ and Dµ is a gauge covariant derivative.
The action (1) is invariant under the supersymmetry transformations
δλa = −1
2
γµνF aµνǫ, (2)
δAaµ = ǫγµλ
a, (3)
It is possible to derive the supersymmetric action (1) using the Noether’s method by
starting with the free fermionic part of (1) and the supersymmetry transformations
(2) and (3).
To reformulate the action (1) using the methods of non-commutative geometry
[1], we first define the triple (A, h,D) where h is the Hilbert space L2(M, τ,√gd4x)⊗
Cn of spinors on a four-dimensional spin manifold M , A is the involutive algebra
A = C∞(M)⊗Mn(C) of n × n matrix valued functions, and D the Dirac operator
D = /∂ ⊗ 1n on h. The free part of the fermionic action is written as
1
2
(λ, [/∂, λ]),
1
where (, ) denotes the scalar product on L2(S, τ,
√
gd4x) given by
(ψ1, ψ2) =
∫
M
√
gd4xτ〈ψ1(x), ψ2(x)〉, (4)
where τ is a normalised trace onA, and 〈, 〉 denotes the hermitian structure on the left
module E which in this paper will be taken to be equal to A. Let ρ be a self-adjoint
element in the space Ω1(A) of one-forms:
ρ =
∑
i
aidbi (d1 = 0), (5)
where Ω.(A) = ⊕Ωn(A) is the universal algebra of differential forms. An involutive
representation of Ω.(A) is provided by the map π : Ω.(A)→ B(h) defined by
π(a0da1 . . . dan) = a0[D, a1][D, a2] . . . [D, an], (6)
where B(h) is the algebra of bounded operators on h. Then π(ρ) =
∑
a[D, b] is equal
to γµAµ where Aµ =
∑
a∂µb. Since ρ is self-adjoint and γ
µ is antihermitian, then
A∗µ = −Aµ. The curvature of ρ is θ = dρ+ρ2 where θ ∈ Ω2(A). A simple calculation
shows that
π(dρ) = γµν∂µAν +
∑
∂µa∂µb, (7)
If π(ρ) ∈ Ker(π), then
π(dρ) =
∑
∂µa∂µb = −
∑
a∂µ∂µb, (8)
is an independent scalar function. The choice of π(dρ) in π(Ω2(A))\π(dKerπ\Ω1(A))
is uniquely determined to be orthogonal to all auxiliary fields, with respect to the
inner product on Ω2(A). From this we deduce that, modulo the auxiliary field (i.e.
the kernel of π(dρ) ), π(θ) = γµνFµν . The Yang-Mills action is
1
2
Trw(θ
2D−4) =
1
2
∫ √
gd4xTr(π(θ)2)
=
∫ √
gd4xTr(−1
4
FµνF
µν),
(9)
where Trw is the Dixmier trace [1]. The interacting fermionic action is
1
2
(λ, [D + ρ, λ]) =
1
2
∫ √
gd4xTr(λγµ[∂µ + Aµ, λ]). (10)
After analytically continuing from Euclidean to Minkowski space by the change
x4 → it, the action given by the sum of (9) and (10) changes by IE → −IM . The
supersymmetry transformation for λ takes the simple form
δλ = −π(θ)ǫ, (11)
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while for ρ it is given by
δπ(ρ) = ǫEaλ(Ea), (12)
where Ea is a local orthonormal basis of Ω
1
D(A) ≡ Ω1(A) \ (Kerπ + dKerπ). In our
case the basis is Ea = γa.
Since we still do not know how to construct in the non-commutative framework
the most general supersymmetric action, we shall only address the problem of finding
supersymmetric theories which also correspond to non-commutative spaces, in the
same sense that the standard model has such an interpretation. In reality we will
show that not all supersymmetric theories do correspond to non-commutative spaces.
We next consider the N = 2 super Yang-Mills action [8]. It is given by
I =
∫
d4x
(
−1
4
F aµνF
µνa +
1
2
DµS
aDµSa +
1
2
DµP
aDµP a + χaγµDµχ
a
− ifabcχa(Sb − iγ5P b)χc − 1
2
(
fabcSbP c
)2)
,
(13)
where Sa and P a are a scalar and pseudoscalar fields, and χa is a Dirac spinor, all
in the adjoint representation of the gauge group. The action (13) is invariant under
the transformations:
δAaµ = ǫγµχ
a − χaγµǫ,
δP a = χaγ5ǫ− ǫγ5χa,
δSa = i(χaǫ− ǫχa),
δχa =
(−1
2
γµνF aµν − γ5fabcP bSc + iγµ(DµSa − iγ5DµP a)
)
ǫ.
(14)
From our experience with the non-commutative construction of the standard model,
and since in the action (13) a complex scalar field is unified with a gauge field, an
obvious guess is to take the non-commutative space to be M4 × (two points), with
the algebra
A = C∞(M4)⊗Mn(C)⊕ C∞(M4)⊗Mn(C), (15)
and the Dirac operator
D =
(
/∂ ⊗ 1n iγ5 ⊗ φ0
−iγ5 ⊗ φ∗0 /∂ ⊗ 1n
)
, (16)
acting on the Hilbert space of spinors of the form
λ =
(
Lχ
Rχ
)
, (17)
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where L = 12 (1 + γ5) and R =
1
2 (1− γ5), and χ is a Dirac spinor. Elements of A are
taken to be operators of the form
(
a 0
0 a
)
where a is a smooth function on M4 with
values in Mn(C). The parameters φ0 appearing in eq. (16) are taken to be arbitrary
except for the constraint
[φ0, φ
∗
0] = 0. (18)
A self-adjoint element ρ in the space Ω1(A) has the representation
π(ρ) =
(
γµAµ iγ5φ
−iγ5φ∗ γµAµ
)
, (19)
where Aµ =
∑
a∂µb, φ + φ0 =
∑
aφ0b and φ
∗ + φ∗0 =
∑
aφ∗0b. We have assumed,
without any loss in generality, that
∑
ab = 1. The fermionic action in (13) can now
be simply written as
1
2
(
λ, [D + π(ρ), λ]
)
=
1
2
∫ √
gd4xTr
(
λ[D + π(ρ), λ]
)
. (20)
We must now prove that the curvature square of ρ constructed with the Dirac operator
(16) yields the correct bosonic part of the action (13). First we compute π(dρ) =∑
[D, a][D, b] which can be represented as a 2× 2 matrix whose elements are
π(dρ) =
(
γµν∂µAν +X iγ
µγ5(∂µφ+ [Aµ, φ0]
−iγµγ5(∂µφ∗ + [Aµ, φ∗0] γµν∂µAν +X ′
)
, (21)
where
X =
∑
∂µa∂µb+ φ0φ
∗ + φφ∗0 −
∑
a[φ0φ0∗, b]
X ′ =
∑
∂µa∂µb+ φ
∗
0φ+ φ
∗φ0 −
∑
a[φ∗0φ0, b]
. (22)
If ρ ∈ Kerπ then π(dρ) will be given
π(dρ)|pi(ρ)=0 =
∑(
∂µa∂µb− a[φ0φ∗0, b]
)⊗ 12, (22)
where we have used the constraint eq. (18). This does not constitute any loss of
generality since φ0 will decouple from the final action. The curvature θ = dρ + ρ
2,
after moding out by the kernel of π(dρ), is:
π(θ)11 =
1
2
γµνFµν +
1
2
[(φ+ φ0), (φ
∗ + φ∗0)]
π(θ)12 = iγ
µγ5
(
∂µ(φ+ φ0) + [Aµ, (φ+ φ0)]
)
π(θ)12 = −iγµγ5
(
∂µ(φ
∗ + φ∗0) + [Aµ, (φ
∗ + φ∗0)]
)
π(θ)22 =
1
2
γµνFµν − 1
2
[(φ+ φ0), (φ
∗ + φ∗0].
(23)
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Notice that the potential terms in π(θ)11 and π(θ)22 have opposite signs as the
diagonal part of π(θ) has been moded out. By redefining φ + φ0 → φ one sees that
φ0 drops completely from eq. (23). The bosonic part of the non-commutative action
is then given by
1
4
Trw
(
θ2D−4
)
=
∫ √
gd4xTr
(−1
4
FµνF
µν − 1
2
DµφD
µφ+
1
8
([φ, φ∗])2
)
. (24)
Continuing from Euclidean to Minkowski space and inserting φ = S− iP , we exactly
recover the bosonic part of the supersymmetric action (13). The supersymmetry
transformations are now very simple:
δλ = −π(θ)ǫ
δπ(ρ) =
(
ǫEiλ− λEiǫ
)
Ei,
(25)
where Ei a local orthonormal basis of Ω1(A), and ǫ has the same representation as
λ in eq. (17). In this case the basis can be taken to be
Ea = γa ⊗ 12
E5 = iγ5 ⊗ τ1
E6 = iγ5 ⊗ τ2,
(26)
where τ1 and τ2 are Pauli matrices. It is easy to see that the transformations in (14)
agree completely with those in (25) by substituting χ = Lχ + Rχ and similarly for
ǫ. The dimension of the module in this example is six, since this is the number of
independent elements in the basis.
Another non-trivial example is provided by the N = 4 super Yang-Mills action
[9]. This is given by
I =
∫ √
gd4x
(−1
4
F aµνF
µνa +
1
2
Dµφ
a
ijD
µφija + χiaγµDµLχ
ia
− i
2
χ˜iaφaij , Lχ
ja +
i
2
fabcχiaφijbRχcj −
1
4
(fabcφbijφ
c
kl)(f
adeφijd, φkle)
)
,
(27)
where χ˜i = Cχi
T
is the conjugate spinor, i = 1, · · · , 4, χi transforms as a 4 and
χi transforms as a 4 of SU(4). The scalars φij are self-dual ,φij =
1
2 ǫijklφ
kl, trans-
forming as a 6 of SU(4). The action (27) is invariant under the supersymmetry
transformations
δAaµ = ǫiγµLχ
ia − χai γµLǫi
δφaij = i(ǫjRχ˜
a
i − ǫiRχ˜aj + ǫijklǫkLχla)
δ(Lχia) = −1
2
γµνF aµνLǫ˜
i + iγµDµφ
ijaRǫ˜j +
1
2
fabcφikbφckjLǫ
j
δ(Rχ˜ai ) = −
1
2
γµνF aµνRǫ˜i − iγµDµφaijLǫj +
1
2
fabcφbikφ
kjcRǫ˜j .
(28)
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In order to rewrite the free fermionic interactions of (27) in the form 12λ[D, λ] for a
generalized Dirac operator D we define
λ =
(
Lχi
Rχ˜i
)
,
and we take the algebra A to be A = C∞(M4)⊗Mn(C). The Dirac operator is
D =
(
/∂ ⊗ 14 iγ5 ⊗ φ0ij
−iγ5 ⊗ φij0 /∂ ⊗ 14
)
, (29)
where we have taken φ0ij to be self-dual constant matrices. The Hilbert space is
L2 ⊗∑8l=1M ln(C), and the involutive representation π(a) is given by
π(a) =
(
π0(a)⊕ π0(a)⊕ π0(a)⊕ π0(a)
)
⊕ (π0(a)⊕ π0(a)⊕ π0(a)⊕ π0(a)), (30)
so that a ∈ A has the representation
a→ diag(a, a, a, a, a, a, a, a), (31)
where a denotes the complex conjugate of a. A one-form ρ =
∑
adb in Ω1(A) has
the representation
π(ρ) =
(
γµAµ ⊗ 14 iγ5 ⊗ φij
−iγ5 ⊗ φij γµAµ ⊗ 14
)
, (32)
where φij + φ0ij =
∑
aφ0ijb is self dual, and φ
ij + φij0 =
∑
aφij0 b. In analogy with
the previous case, and after moding out by the kernel of π(dρ) which is diagonal, one
finds that the curvature matrix has the components
π(θ)11 =
1
2
γµνFµν ⊗ δji +
1
2
[(φ+ φ0), (φ+ φ0)]
j
i
π(θ)12 = iγ
µγ5
(
∂µ(φ+ φ0)ij + [Aµ, (φ+ φ0)]ij
)
π(θ)21 = −iγµγ5
(
∂µ(φ+ φ0)
ij + [Aµ, (φ+ φ0)
ij
)
π(θ)22 =
1
2
γµνFµν ⊗ δji −
1
2
[(φ+ φ0), (φ+ φ0)]
j
i .
(33)
After redefining φ+ φ0 → φ the bosonic action becomes:
Ib =
1
4
Tr
(
θ2D−4
)
=
∫ √
gd4xTr
(−1
4
FµνF
µν − 1
2
DµφijD
µφij +
1
8
([φ, φ][φ, φ])ii
)
.
(34)
After analytically continuing to Minkowski space and using the identity
Tr([φ, φ][φ, φ]) = Tr([φ, φ][φ, φ]),
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valid for a self-dual field φ, we find that the action (34) agrees completely with the
bosonic part of (27). The fermionic action is expressed, as before, in the form
1
2
(
λ, [D + π(ρ), λ]
)
, (35)
and this reproduces the fermionic part of (27). The supersymmetry transformations
are also simplified to the form
δλ = −π(θ)ǫ
δπ(ρ) =
(
ǫEAλ
)
EA,
(36)
where ǫ has the same representation as λ and EA is an orthonormal basis of Ω
1
D(A).
In this case it is given by
Ea = γa ⊗ 18
Eij = iγ5 ⊗
(
0 ρij
ρij 0
)
,
(37)
where (ρij)kl = δ
i
kδ
j
l − δilδkj and (ρij)kl = ǫijkl = 12ǫijmn(ρmn)kl. The dimension of
the module is ten. It is a well known fact that N = 2 and N = 4 super Yang-Mills
theory in four dimensions can be obtained by dimensional reduction of N = 1 super
Yang-Mlls theory in six and ten dimensions respectively [9]. For these higher dimen-
sional theories, the fermionic action is of the form λ[ΓMDM , λ] where Γ
M are Dirac
matrices in the respective dimension. It is remarkable that one can interpret the
four dimensional theories as corresponding to non-commutative spaces, and where
the non-commutative construction yields the same answers as the known higher di-
mensional theories.
It is important to determine which of the N = 1 supersymmetric theories cor-
respond to actions of non-commutative spaces. A general globally N = 1 super
Yang-Mills theory coupled to N = 1 supersymmetric matter is [7,6]:
I =
∫
d4x
√
g
(
−1
4
F aµνF
µνa − 1
2
λ
a
γµDµλ
a +Dµz
∗
iD
µzi
− (χiγµDµχi − 2iχiLλa(T az)i + h.c)− 12
(
z∗i (T
az)i + ξa
)2)
,
(38)
where
Dµz
i = ∂µz
i + iAaµ(T
a)jiz
j
Dµχ
i = ∂µχ
i + iAaµ(T
a)jiχ
j
Dµλ
a = ∂µλ
a − gfabcAbµλc
[T a, T b] = ifabcT c
Tr(T aT b) = τRδ
ab
(39)
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and T a are the generators of the gauge group G with structure constants fabc and
ξa are constants associated with the abelian generators of G. The chiral multiplet
(zi, χiL) is in some representation, usually reducible, of the gauge group. This action
is invariant under the supersymmetry transformations:
δAaµ = ǫγµλ
a
δλa = −1
2
γµνFµνǫ+ i(z
∗T az + ξa)γ5ǫ
δzi = 2ǫχiL
δχiL = (γ
µǫR)Dµz
i.
(40)
In addition to the action (38), it is possible to add terms depending only on a holo-
morphic function of zi, the superpotential g. These are
−1
2
(g,ijχ
c
iχ
j + h.c)− |g,i|2. (41)
The difficulty of generating these terms in the non-commutative construction is that
in order to reproduce the fermionic term in (41) one must introduce the term g,ij in
the Dirac operator. The bosonic part will then contain terms of the form |Dµg,ij|2 =
|Dµzkg,ijk|2 and |g,ijg∗jk, |2 which in general do not coincide with the bosonic part of
(38). We deduce that the terms in an N = 1 supersymmetric theory proportional to
a general superpotential do not correspond to a non-commutative action. It would be
very interesting to find out which special forms of the superpotential do correspond
to a non-commutative construction.
To find out whether it is possible to derive the action (38) from non-commutative
geometry we first define a matrix representation for the spinors λa and χi:
Ψ =


λiLj χ
i
χj 0
˜
λjLi χ
T
i
χiT 0

 . (42)
where χi = Cχi
T
is the right-handed Weyl spinor conjugate to the left handed χi,
and λ˜ji = Cλ
j
i
T
, λij = iλ
a(T a)ij . The reason we have to take such a complicated
representation for the spinors is due to the fact that we are working with chiral
multiplets which distinguishes between left-handed and right-handed spinors. The
action of the Dirac operator on the Hilbert space of these spinors is
D =


/∂ ⊗ δji γ5zi0 0 0
γ5z
∗
0i /∂ 0 0
0 0 /∂ ⊗ δij γ5z∗T0i
0 0 γ5z
iT
0 /∂

 , (43)
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and where the algebra is A = C∞(M4) ⊗ (Mn(C) ⊕ C). The representation π(a) is
given by π(a) = diag(a, a′, a, a′) where a is an n× n matrix and a′ is a function and
the overline denotes complex conjugation. A one-form ρ has the representation
π(ρ) =


Aji γ5z
i 0 0
γ5z
∗
i B 0 0
0 0 Aji γ5z
∗T
i
0 0 γ5z
iT B

 , (44)
where Aji =
∑
(a/∂b)ji , B =
∑
a′/∂b′, zi + zi0 =
∑
(az0)
ib′. We shall impose the
restrictions
Aji = iA
a(T a)ji , B = 0, (45)
which reduces the gauge group from U(N)×U(1) to G. Next we calculate π(dρ), and
this can be found in complete analogy with eq (21):
π(dρ)11 = γ
µν∂µ(Aν)
i
j + z
∗
j z
i
0 + z
∗
0jz
i +
∑
∂µa∂µb
π(dρ)22 = γ
µν∂µBν +
∑
∂µa′∂µb
′
π(dρ)12 = γ
µγ5(∂µz
i + (Aµ)
i
jz
i
0)
π(dρ)21 = π(dρ)
∗
12,
(46)
and similarly for π(dρ)p,q where p, q = 3, 4 with the main difference that z and z
∗
are exchanged. The other components of π(dρ) vanish. For ρ ∈ Kerπ, π(dρ) is of the
form
π(dρ) = diag(X ij , Y,X
j
i
T
) (47)
Since we have restricted the gauge field (Aµ)
i
j to the form (45) one would expect that
a similar constraint must be imposed on Xji . However, it turns out that the only
constraint that would result in the correct bosonic part is
Tr(T aX) = 0.
After moding out by the kernel of π(dρ) and redefining z+ z0 → z, we find that π(θ)
is:
π(θ) =


1
2γ
µν(Fµν)
i
j + v
j
i γ
µγ5Dµz
i 0 0
γµγ5Dµz
∗
j 0 0 0
0 0 1
2
γµν(F ∗µν)
j
i + v
jT
i γ
µγ5Dµz
∗T
i
0 0 γµγ5Dµz
iT 0

 (48)
where
vji = (z
iz∗j − zi0zj∗0 )⊥
(ziz∗j )
⊥ =
1
τR
(T a)ij(z
∗T az).
(49)
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The choice of z0 must be such that
(z∗0T
az0) = −ξa (for abelian generators)
= 0 (otherwise)
(50)
The bosonic part of the non-commutative action becomes:
1
4
Trw(θ
2D−4) =
∫ √
gd4x
(
−1
4
τRF
a
µνF
µνa
+Dµz
∗
iD
µzi +
1
2
τR
(
z∗i (T
az)i + ξa
)2) (51)
while the fermionic action is now simply given by
1
2
(
Ψ, [D + π(ρ),Ψ]
)
(52)
After the rescaling the full action by I → 1
τR
I, and the fields zi and χi by zi →√τRzi
and χi → √τRχi, one finds out that the non-commutative action functional which
is the sum of (51) and (52), completely coincides with (38). The supersymmetry
transformations, again take a very simple form
δΨ = −π(θ)ε
δπ(ρ) = (εEAΨ)EA,
(53)
where
ε =


ǫL 0
0 ǫR
ǫ˜L 0
0 ǫ˜R

 , (54)
The EA in (53) is an orthonormal basis of Ω
1
D(A), which is now given by
Ea = γa ⊗
(
1n 0
0 1
)
Ei = iγ5 ⊗
(
0 ei
e∗i 0
)
,
(55)
and ei is an orthonormal frame in C
n satisfying (ei, ej) = δ
i
j .
It is possible to repeat this excercise for the general coupling of the N = 2
theory, and one finds again that a non-commutative description is possible. We shall
not report on this here, but leave it for a future publication where a detailed account
will be given.
To conclude, we have discovered that extended globally supersymmetric the-
ories as well as N = 1 supersymmetric theories without superpotentials could be
10
derived from the non-commutative construction. This could be taken as a reinterpre-
tation of the geometry of supersymmetric theories in the same way that the standard
model admits such a non-commutative construction. We have not dealt yet with the
question of whether theories where supersymmetry is spontaneously broken could
be also derived from a non-commutative action functional. We can immediately say
that only very special models may have this property since we are not allowed to
use an arbitrary superpotential. Another interesting problem is to study whether
theories with local supersymmetry (i.e. including supergravity) could be linked to
non-commutative spaces. All these problems are now under study.
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